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Magnetic flux disorder and superconductor-insulator transition in nanohole thin films
Enzo Granato
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Pesquisas Espaciais, 12227-010 Sa˜o Jose´ dos Campos, SP, Brazil
We study the superconductor-insulator transition in nanohole ultrathin films in a transverse mag-
netic field by numerical simulation of a Josephson-junction array model. Geometrical disorder due to
the random location of nanoholes in the film corresponds to random flux in the array model. Monte
Carlo simulation in the path-integral representation is used to determine the critical behavior and
the universal resistivity at the transition as a function of disorder and average number of flux quanta
per cell, fo. The resistivity increases with disorder for noninteger fo while it decreases for integer
fo, and reaches a common constant value in a vortex-glass regime above a critical value of the flux
disorder Dcf . The estimate of D
c
f and the resistivity increase for noninteger fo are consistent with
recent experiments on ultrathin superconducting films with positional disordered nanoholes.
There is growing interest in the superconductor-
insulator (SI) transition in ultra-thin films with a lat-
tice of nanoholes1–6. This system is an important test-
ing ground for models of the universality class of the
quantum phase transition since the patterned nanostruc-
ture provides a sensitive probe for distinguishing between
phase and amplitude fluctuations of the superconducting
order parameter. The magnetoresistance oscillatory be-
havior at low magnetic fields near the transition is anal-
ogous to the one observed in microfabricated Josephson-
junction arrays, which undergo a SI transition due to
the small electrical capacitance of the superconducting
grains7–11. This common feature results from phase co-
herence effects, which can be described by the same
generic model of phase fluctuations of the superconduct-
ing order parameter, a Josephson-junction array model,
with a wider applicability. In fact, it is closely related
to the Bose-Hubbard model, where Cooper pairs inter-
act on a lattice potential, in the limit of a large number
of bosons per site8,12, to the quantum rotor model12–14
and to ultracold atoms on optical lattices15–17. For a
periodic nanohole film at low magnetic fields, the sim-
plest model consists of a frustrated array of supercon-
ducting ”grains”, where the phase is well defined locally,
coupled by Josephson junctions or weak links on a pe-
riodic lattice, with the lattice of nanoholes correspond-
ing to the dual lattice, which acts as a vortex pinning
center18,19. The number of flux quanta per unit cell
of the nanohole lattice, which is proportional to the ex-
ternal magnetic field, corresponds to the frustration pa-
rameter f of the Josephson-junction array model. The
zero-temperature quantum phase transition in the array
model, driven by the competition between the charging
energy and Josephson-coupling energy at different frus-
tration parameters, corresponds to the SI transition in
the nanohole film in the external magnetic field. The re-
sistivity at the transition is expected to be finite and
universal12,13,20,21, depending only on the universality
class of the transition, which generally changes in the
presence of a magnetic field and disorder.
Very recently, intriguing experimental results have
been obtained near the SI transition in thin films with
a disordered triangular lattice of nanoholes with con-
trolled amount of positional disorder5,6. Such disor-
der leads to spatial variations in the magnetic flux per
unit cell, which increases with the magnetic field, sim-
ilar to the effects of geometrical disorder in microfab-
ricated Josephson-junction arrays22,23. Magnetoresis-
tance oscillations decrease in amplitude and disappear
above a critical value of flux disorder. However, the re-
sistivity at successive field-induced transitions increases
with flux disorder, in apparent disagreement with pre-
dictions of universality12,13,20 and a previous numerical
simulation24, which show a decrease of the resistivity.
In this work, we study the SI transition in geometri-
cally disordered nanohole thin films by numerical sim-
ulation of a Josephson-junction array model with flux
disorder. Geometrical disorder due to the random loca-
tions of the nanoholes in the film corresponds to random
flux in the array model. Monte Carlo (MC) simulation in
the path integral representation is used to determine the
critical behavior and the resistivity at the transition as a
function of flux-disorder strengthDf and average number
of flux quanta per cell, fo. It is found that the resistivity
at the transition increases with disorder for noninteger fo
while it decreases for integer fo, and reaches an approx-
imately common constant value in a vortex-glass regime
above a critical value Dcf . The distinct behavior for non-
integer fo results from the interplay of vortex-lattice com-
mensurability and flux-disorder effects. The estimate of
Dcf and the resistivity increase for noninteger fo are in
good agreement with available experimental data on po-
sitional disordered nanohole thin films5 for noninteger fo
while it calls for further measurements for integer fo.
We consider a Josephson-junction array model, which
allows for both flux disorder and charging effects7,22,24,
described by the Hamiltonian
H = −Ec
2
∑
i
n2i −
∑
<ij>
Eij cos(θi − θj −Aoij − tij). (1)
The first term in Eq. (1) describes quantum fluctuations
induced by the charging energy, Ecn
2
i /2, of a non-neutral
superconducting grain located at site i of a periodic refer-
ence lattice, where Ec = 4e
2/C, e is the electronic charge,
and ni = −i∂/∂θi is the operator, canonically conju-
2gate to the phase operator θi, representing the deviation
of the number of Cooper pairs from a constant integer
value. The effective capacitance to the ground of each
grain C is assumed to be spatially uniform, for simplic-
ity. The second term in (1) is the Josephson-junction cou-
pling between nearest-neighbor grains described by phase
variables θi. The effect of the magnetic field B applied
in the perpendicular (zˆ-direction) appears through the
link variables Aoij and tij , which satisfy the constraints∑
ij A
o
ij = 2πfo and
∑
ij tij = 2πδfp, where the gauge-
invariant sums
∑
ij are over the links ij surrounding the
site p of the plaquette centers. fo is a uniform constant
parameter and δfp is a spatially varying random variable
with zero average. The effects of the positional disorder
of the nanoholes, which corresponds to random plaquette
areas Sp of the array, can be incorporated in this model
by identifying fo as the average number of flux quanta per
plaquette BSo/Φo, where Φo = hc/2e is the flux quan-
tum, and So as the uniform plaquette area of the refer-
ence lattice. δfp then represents the additional random
flux foδSp/So, where δSp = Sp − So. Previous work on
the SI transition24 studied this model defined on a square
lattice for integer fo and uncorrelated disorder in tij . In
order to compare with available experimental data for su-
perconducting films with a triangular lattice of nanholes
in the weak disorder limit1,5, we consider here the ar-
ray model defined on a honeycomb lattice25 and take δfp
as an uncorrelated random variable. For convenience, we
use a uniform disorder distribution δfp = Df [−1, 1], with
the random-flux disorder strength Df = foDa, where Da
measures the disorder in the areas δSp/So. Experimen-
tally, the flux disorder Df can be varied by changing fo
via the external field or the geometrical disorder Da us-
ing different samples5. We also allow for bond disorder in
the form of random Josephson couplings26 Eij = EJ eij ,
where eij = 1 ±Db with equal probability and disorder
parameter strength Db. In the numerical simulations de-
scribed below we set Db = 0.3 but its value does not
change the main results. With this choice the magne-
toresistance behavior of films with a triangular lattice
of nanoholes without flux disorder1,4 can already be de-
scribed by the array model18,19. Here we consider the ef-
fects of increasing the flux disorder Df for integer fo = n
and noninteger rational values fo = n+ 1/q of the frus-
tration parameter.
To study the quantum phase transition at zero temper-
ature, we employ the imaginary-time path-integral for-
mulation of the model8. In this representation, the two-
dimensional (2D) quantum model of Eq. (1) maps into a
(2+1)D classical statistical mechanics problem. The ex-
tra dimension corresponds to the imaginary-time direc-
tion. The classical reduced Hamiltonian can be written
as
H = −1
g
[
∑
τ,i
cos(θτ,i − θτ+1,i)
+
∑
<ij>,τ
eij cos(θτ,i − θτ,j −Aoij − tij)], (2)
where eij = Eij/EJ and τ labels the sites in the dis-
crete time direction. The ratio g = (Ec/EJ)
1/2, which
drives the SI transition for the model of Eq. (1), cor-
responds to an effective ”temperature” in the 3D clas-
sical model of Eq. (2). In general, a quantum phase
transition shows intrinsic anisotropic scaling, with differ-
ent diverging correlation lengths ξ and ξτ in the spatial
and imaginary-time directions8, respectively, related by
the dynamic critical exponent z as ξτ ∝ ξz . The clas-
sical Hamiltonian of Eq. (2) can be viewed as an XY
model on a layered honeycomb lattice, where frustration
effects exist only in the honeycomb layers. Randomness
in eij and tij corresponds to disorder completely corre-
lated in the time direction. The honeycomb lattice is
defined on a rectangular geometry with linear size given
by a dimensionless length L. In terms of L, the linear
size in the xˆ and yˆ directions correspond to Lx = L
√
3/2
and Ly =
3
2L, respectively. We choose a gauge where
Aij = 2πfny, on alternating (tilted) bonds along the
rows in the xˆ direction numbered by the integer ny and
Aij = 0 otherwise.
Equilibrium MC simulations for Ec > 0 are carried out
using the 3D classical Hamiltonian in Eq. (2) regarding
g as a ”temperature”-like parameter. The parallel tem-
pering method27 is used in the simulations with periodic
boundary conditions, as in previous work19. The finite-
size scaling analysis is performed for different sizes L with
the constraint Lτ = aL
z, where a is a constant aspect ra-
tio. This choice simplifies the scaling analysis, otherwise
an additional scaling variable Lτ/L
z would be required
to describe the scaling functions. The value of a is chosen
to minimize the deviations of aLz from integer numbers.
However, this requires one to know the value of the dy-
namic exponent z in advance. Since the exact value of
z is not known, we follow a two-step approach. First,
we obtain an estimate of gc and z from simulations per-
formed with a driven MC dynamics method, which has
been used in the context of the 3D XY-spin glass model28.
Then, these initial estimates are improved by finding the
best data collapse for the finite-size behavior of the phase
stiffness in the time direction γτ , obtained by the equi-
librium MC method. For the driven MC method, the
layered honeycomb model of Eq. (2) is viewed as a 3D
superconductor and the corresponding ”current-voltage”
scaling near the transition is used to determine the criti-
cal coupling and critical exponents29. In the presence of
an external driving perturbation Jx (”current density”)
which couples to the phase difference θτ,i+xˆ − θτ,i along
the xˆ direction, the classical Hamiltonian of Eq. 2 is
modified to
HJ = H −
∑
i,τ
Jx(θτ,i+xˆ − θτ,i). (3)
When Jx 6= 0, the system is out of equilibrium since the
total energy is unbounded. The lower-energy minima
occur at phase differences θτ,i+xˆ − θτ,i, which increase
with time t, leading to a net phase slippage rate pro-
portional to Vx =< d(θτ,i+xˆ − θτ,i)/dt >, corresponding
3to the average ”voltage” per unit length. The MC sim-
ulations are carried out using the Metropolis algorithm
and the time dependence is obtained by identifying the
time t as the MC time. The measurable quantity of in-
terest is the phase slippage response (”nonlinear resistiv-
ity”) defined as Rx = Vx/Jx. Similarly, we define Rτ as
the phase slippage response to the applied perturbation
Jτ in the layered (imaginary-time) direction. Above the
phase-coherence transition, g > gc, Rx should approach
a nonzero value when Jx → 0 while it should approach
zero below the transition. From the nonlinear scaling be-
havior near the transition of a sufficiently large system,
one can extract the critical coupling gc, and the critical
exponents ν and z. In the absence of charging effects,
Rx remains zero below a critical value Jx = Jc, which
provides an estimate of the critical current for the model
of Eq. (1), when Ec = 0.
We show in detail the results for fo = n + 1/6 and
Df = 0.7. This value of frustration was chosen to al-
low a comparison with the available experimental data5.
Fig. 1 shows the behavior of the nonlinear phase slippage
response Rx and Rτ as a function of the applied pertur-
bation Jx and Jτ , respectively, for different couplings g
and large system size. The behavior is consistent with
a phase-coherence transition at an apparent critical cou-
pling in the range gc ∼ 1.41 − 1.44. For g > gc, both
Rx and Rτ tend to a finite value while for g < gc, they
extrapolate to low values. The critical coupling gc and
critical exponents ν and z can then be obtained from the
best data collapse satisfying the scaling behavior close to
the transition. The required scaling theory is described
in detail in ref. 30. Rx and Rτ should satisfy the scaling
forms
gRxξ
z0−z = F±(Jxξ
z+1/g),
gRτξ
z+z0z−2 = H±(Jτ ξ
2/g), (4)
where zo is an additional critical exponent describing the
MC relaxation times, tx ∼ ξzo and tτ ∼ ξzoτ , in the
spatial and imaginary-time directions, respectively, and
ξ = |g/gc−1|−ν. The + and - signs correspond to g > gc
and g < gc, respectively. The two scaling forms are the
same when z = 1, corresponding to isotropic scaling. The
joint scaling plots according to Eqs. 4 are shown in Fig.
1, obtained by adjusting the unknown parameters, pro-
viding the estimates gc = 1.426, zo = 2.3, z = 1.2 and
ν = 1.1.
The above estimate of gc and z does not take into
account the finite-size effects. It assumes that the system
is sufficient large and the coupling is not too close to
gc such that the correlation length is smaller than the
system size. To improve these estimates we consider the
finite-size behavior of the phase stiffness in the imaginary
time direction γτ . The phase stiffness γτ , which is a
measure of the free energy cost to impose an infinitesimal
phase twist in the time direction, is given by13
γτ =
1
L3g2
[g < ǫτ > − < I2τ > + < Iτ >2]D, (5)
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FIG. 1: Phase slippage response in (a) the imaginary-time
direction Rτ and (c) spatial direction Rx for f¯ = n + 1/6,
near the transition. Flux-disorder strength Df = 0.7 and
system size L = 60. The couplings g from top down are 1.48,
1.47, 1.45, 1.44, 1.41, 1.39, 1.38. (b) and (d): scaling plots
corresponding to (a) and (c), respectively, for data near the
transition with ξ = |g/gc − 1|
−ν and the same parameters
gc = 1.426, zo = 2.3, z = 1.2 and ν = 1.1.
where ǫτ =
∑
τ,i cos(θτ,i−θτ+1,i) and Iτ =
∑
τ,i sin(θτ,i−
θτ+1,i). In Eq. (5), < . . . > represents a MC average for
a fixed disorder configuration and [. . .]D represents an
average over different disorder configurations. In the su-
perconducting phase γτ should be finite, reflecting the ex-
istence of phase coherence, while in the insulating phase
it should vanish in the thermodynamic limit. For a con-
tinuous phase transition, γτ should satisfy the finite-size
scaling form
γτL
2−z = F (L1/νδg), (6)
where F (x) is a scaling function and δg = g − gc. This
scaling form implies that data for γτL
2−z as a function
of g, for different system sizes L, should cross at the
critical coupling gc. Fig. 2a shows this crossing behav-
ior obtained near the initial estimate of gc by varying z
slightly from its initial value. In the Inset of this Fig-
ure, we show a scaling plot of the data according to the
scaling form of Eq. 6, which provides the final estimates
gc = 1.424 and ν = 0.97.
We have also determined the universal conductivity at
the critical point from the frequency and finite-size de-
pendence of the phase stiffness γ(w) in the spatial dire-
cion, following the scaling method described by Cha et
al.12,13. The conductivity is given by the Kubo formula
σ = 2πσQ lim
wn→0
γ(iwn)
wn
, (7)
where σQ = (2e)
2/h is the quantum of conductance and
γ(iwn) is a frequency dependent phase stiffness evaluated
at the finite frequency wn = 2πn/Lτ , with n an integer.
The phase stiffness in the xˆ direction is given by
γ = C[g < ǫx > − < |I(iwn)|2 > + < |I(iwn)| >2]D, (8)
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FIG. 2: (a) Phase stiffness in the imaginary time direction
γτ for different system sizes L, near the transition point esti-
mated from Figs. 1. Lτ = aL
z, with aspect ratio a = 0.628
and z = 1.25. Inset: scaling plot of γτ with gc = 1.424 and
ν = 0.97 . (b) Scaling plot of conductivity σ(iwn) at the crit-
ical coupling gc with α = 0.15. The universal conductivity
is given by the intercept with the x = 0 dashed line, leading
to σ
∗
σQ
= 0.56(3). (c): Critical coupling gc at different val-
ues of the average frustration fo and increasing flux-disorder
strength Df . Inset: behavior of the corresponding critical
currents Ic at Ec = 0. (d): Resistivity ρ
∗ = 1/σ∗ in units of
ρQ = 1/σQ at the transition for the different average frustra-
tions indicated in (c) and increasing flux disorder Df .
where C = 1/((4/3
√
3)NLτg
2), N is the total number of
sites in each layer,
ǫx =
∑
τ,j
(xˆ · uˆj,j+xˆ)2ei,j+xˆ cos(∆xθτ,j),
I(iwn) =
∑
τ,j
(xˆ · uˆj,j+xˆ)ei,j+xˆ sin(∆xθτ,j)eiwnτ , (9)
uˆj,j+xˆ is a unit vector between nearest neighbors sites
and ∆xθτ,j = θτ,j − θτ,j+xˆ − Aoj,j+xˆ − tj,j+xˆ. At the
transition, γ(iwn) vanishes linearly with frequency and
σ assumes a universal value σ∗, which can be extracted
from its frequency and finite-size dependence13
σ(iwn)
σQ
=
σ∗
σQ
− c(wn
2π
− α 2π
wnLτ
) · · · (10)
The parameter α is determined from the best data col-
lapse of the frequency dependent curves for different sys-
tems sizes in a plot of σ(iwn)σQ versus x = (
wn
2pi − α 2piwnLτ ).
The universal conductivity is obtained from the intercept
of these curves with the line x = 0. The calculations were
performed for different system sizes with Lτ = aL
z, us-
ing the above estimates of z and gc. From the scaling
behavior in Fig. 2b we obtain σ∗/σQ = 0.56(3), where
the estimated uncertainly is mainly the result of the error
in the coupling gc.
We have performed extensive calculations as a func-
tion of the flux disorder strength Df for integer fo = n
and noninteger fo = n + 1/6. The behavior of the crit-
ical couplings gc for the SI transition as a function of
Df is shown in Fig. 2c and the corresponding behavior
of the resistivity at the transition ρ∗ = 1/σ∗ is shown
in Fig. 2d. Disorder changes significantly the values of
the critical coupling and resistivity for small Df while
they remain essentially unchanged and frustration inde-
pendent above a critical value Dcf ∼ 0.5. Below Dcf , the
resistivity at the transition increases with disorder for
noninteger fo but it decreases for integer fo. This crit-
ical disorder Dcf should correspond to a transition into
a vortex glass regime, where one expects that gc should
be insensitive to the value of the frustration. Similar be-
havior is also expected for the critical current in absence
of charging effects31. Calculations for the critical current
for the model of Eq. 1 with Ec = 0 using the driven
MC dynamics are shown in the Inset of Fig. 2c. The
transition from a low-disorder regime, where the criti-
cal current is sensitive to frustration, to a glassy regime
occurs at approximately the same critical value Dcf .
The results for noninteger fo are in good agree-
ment with available experimental observations on ul-
trathin superconducting films with positional disordered
nanoholes5. As in other calculations of the resistivity at
the transition11–13,17,19, the obtained value differs signif-
icantly from the experimental value. However, the trend
as a function of disorder and the magnetic field depen-
dence should be consistent with experiments. In fact, the
resistivity for large flux disorder found experimentally for
the field-induced SI transition in the nanohole films5 is
a factor of 1.8(2) higher than in the absence of disorder,
which agrees reasonably well with our numerical estimate
of 1.5(3) for noninteger fo in Fig. 2d. The experimental
data also allows a rough estimate of the critical exponent
product zν ∼ 1.4(4), from the expected scaling behavior
of the resistivity derivative at the transition21 as a func-
tion of temperature T , ∂ρ/∂B ∝ T−1/(zν). Our numeri-
cal estimate zν = 1.21(5) is compatible with the exper-
imental value although the errorbars are large. More-
over, the critical disorder strength below which mag-
netoresistance oscillations are observed experimentally5,
δfc ∼ 0.3, can also be compared with the critical disorder
strength Dcf ∼ 0.5 found numerically. These oscillations
occur below Dcf , where the critical coupling for the SI
transition gc in Fig. 2c is sensitive to frustration, with
decreasing amplitude as the flux disorder Df = foDg
approaches Dcf for increasing frustration. Since in the
present calculations δf is uniformly distributed, rather
than approximately Gaussian distributed as in the exper-
iments, a conversion factor is required for comparing the
critical values. Requiring the variance of both distribu-
tions to be the same leads to an equivalent flux disorder
strength ∼ 0.5/√3 = 0.29, which is in reasonable agree-
ment with the experimental value. For integer fo, the
resistivity in Fig. 2d for large flux disorder decreases by
a factor of 1.7(3). A much larger decrease has been found
previously24 for the model of Eq. 1 defined on a square
lattice with uncorrelated disorder in tij . Unfortunately,
5experimental data for integer fo, including fo = 0, on the
same sample are not available yet to make a comparison
to the numerical results. However, the resistivity found
in recent experiments for larger flux disorder6 decreases
by a factor ∼ 2 compared with earlier measurements on
samples without flux disorder1, which is compatible with
the present calculations.
The change of the resistivity and the different behav-
ior for noninteger fo as a function of Df , can be under-
stood as the interplay of vortex-lattice commensurability
and flux disorder effects. In absence of disorder, the SI
transition for noninteger fo is in a different universality
class from the zero field case11. The net circulating cur-
rents around each plaquette, introduced by the external
field, correspond to a pinned commensurate vortex lattice
which changes the ground-state symmetry. Since the re-
sistivity depends on the universality class20, its value for
noninteger fo can be significantly different. For fo = 1/2
on a square lattice10,11,13,17, for example, it decreases by
a factor of 2. In the present case of a honeycomb lattice,
the SI transition for fo = 1/2 is yet in another univer-
sality class different from the square lattice19, and the
resistivity decreases by a factor of approximately 4. On
the other hand, for large flux disorder, where there is a
vortex glass phase for both integer and noninteger fo, the
universality and the resistivity should be the same, since
the vortices are in a highly disordered configuration.
In conclusion, we found that the resistivity at the SI
transition increases with magnetic-flux disorder Df for
noninteger frustration fo while it decreases for integer fo,
and reaches an approximately common value in a vortex-
glass regime for Df > D
c
f . In the simplest scenario, one
expects different critical behavior for weak and strong
disorder. Although the obtained constant value of the
resistivity for Df > D
c
f indicates universal behavior in
a different universality class, the variation of the resis-
tivity for small disorder, however, may be a result of
crossover effects due the limited system sizes. In the ex-
periments, temperatures not sufficiently low should have
similar effects. In the absence of such effects, the re-
sults can not rule out a truly non universal behavior.
The results could also be tested experimentally in mi-
crofabricated Josephson-junction arrays with controlled
parameters. However, for a more realistic description of
these systems, disorder from offset charges and dissipa-
tion effects7, which have been neglected in the present
model, should be taken into account.
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